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EPICYCLOIDS AND BLASCHKE PRODUCTS 


CHUNLEI CAO, ALASTAIR FLETCHER, AND ZHUAN YE 


Abstract. It is well known that the bounding curve of the central hyperbolic component of 
the Multibrot set in the parameter space of unicritical degree d polynomials is an epicycloid 
with d — 1 cusps. The interior of the epicycloid gives the polynomials of the form z‘^ + c 
which have an attracting fixed point. We prove an analogous result for unicritical Blaschke 
products: in the parameter space of degree d unicritical Blaschke products, the parabolic 
functions are parameterized by an epicycloid with d — 1 cusps and inside this epicycloid are 
the parameters which give rise to elliptic functions having an attracting fixed point in the 
unit disk. We further study in more detail the case when d = 2 in which every Blaschke 
product is unicritical in the unit disk. 


1. Introduction 

1.1. Unicritical polynomials. Complex dynamics deals with the iteration of holomorphic 
and meromorphic fnnctions. Very often whole families of mappings are considered and these 
families are given by parameterization. For example, Douady and Hubbard initiated the 
current activity of research in complex dynamics in the 1980s by a systematic study of 
quadratic polynomials of the form fc{z) = + c. This family is parameterized by the 

complex variable c, and moreover the dynamics of fc depends crucially on c: if c lies in the 
Mandelbrot set A4, then the Julia set of fc is connected whereas otherwise the Julia set of 
fc is totally disconnected. For the standard dehnitions in complex dynamics, such as Julia 
set and Fatou set, we refer to, for example, |2]. 

A polynomial of degree d with exactly one critical point is called unicritical. By conjugat¬ 
ing the polynomial, we may move the critical point to 0 and obtain a function of the form 
gdz) = z'^ + c. The structure of the Julia set depends on whether or not the critical point 
lies in the escaping set I{gc) and this dichotomy gives rise to the Multibrot set Aid- The 
parameter c is in Aid if and only if 0 ^ Hdc) if and only if J{fc) is connected, and otherwise 
J(/c) is totally disconnected. 

The central hyperbolic component of the Multibrot set Aid consists of parameters for 
which gc has an attracting hxed point. Clearly c = 0 is always in this component. The 
following result is well-known, see for example jU p.l56]. 

Proposition 1.1. The boundary of the central hyperbolic component of Aid is an epicycloid 
with d — 1 cusps. 

The only proof we were able to hnd of this result is in a paper of Geum and Kim [6] 
which may not be well-known, and so later we will provide a proof of Proposition |1.1| for the 
convenience of the reader. 
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An epicycloid is a plane curve obtained by tracing the path of a particular point on a 
circle (a small one) as it is rolled around the circumference of another circle (a big one), see 
for example Figure If the smaller circle has radius r and the larger circle has radius fcr, 
then in rectangular coordinates, when the center of the larger circle is at the origin, then the 
epicycloid could be given by the parametric equations 

x{6) = r cos{{k + 1)0) — r(k + 1) cos 0, y{9) = r sin((/c + 1)0) — r(k + 1) sin 0, 

or in a more concise form 

(1.1) z{e) = - (fc + l)e'''), for 0 e [0, 27r]. 

Here, the smaller circle starts rolling on the left side of the bigger circle counterclockwise 
and 0 represents the angle between the negative x-axis and the line segment between the 
origin and the center of the smaller circle (not the argument of z{6)). In particular, when 
/c = 1, it is a cardioid; and when fc = 2, it is a nephroid. 



Figure 1. An example of an epicycloid with r = 1 and k = 3 


1.2. Blaschke products. In this paper, we will prove an analogous result in the setting of 
Blaschke products. A hnite Blaschke product B of degree d is a function of the form 


B{z) 



where t G [0, 27r) and G D for i = 1,... ,d. A hnite Blaschke product is called non-trivial 
if it is not a Mobius transformation, that is, if d > 2. 

It is not hard to see that the unit disk D, the unit circle 9D and the complement of the 
closed unit disk C \ D are all completely invariant sets for B. It is well-known that every 
surjective hnite degree mapping / : D —)■ D is in fact a hnite Blaschke product and so it is 
natural to view hnite Blaschke products as hyperbolic polynomials. Blaschke products also 
have symmetry with respect to 9D: if z* = denotes the rehection of ^ in the unit circle, 
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then 



There is a classification of finite Blaschke products in analogy with Mobius transforma¬ 
tions. This classification relies on the Denjoy-Wolff Theorem which in our situation states 
that if i? is a non-trivial finite Blaschke product, then there exists a unique ^ ® such that 
— )■ zq for every z G D. This point is called the Denjoy-Wolff point of B. Note that by 
the symmetry of Blaschke products, Zq is also fixed by B, but we will be restricting to the 
unit disk, and then the Denjoy-Wolff point is unique. 

(i) B is called elliptic if the Denjoy-Wolff point zq of B lies in D. In this case, we must 
have \B\zq)\ < 1. 

(ii) B is called hyperbolic if the Denjoy-Wolff point Zq of B lies on 9D and B'{zq) < 1, 

(iii) B is called parabolic if the Denjoy-Wolff point zq of B lies on 9D and B'{zo) = 1, 

Note that a fixed point on 9D has real multiplier because 9D is completely invariant under 
B. 

Blashcke products are essentially determined by the location of their critical points. By 
a result of Zakeri [S], if share the same critical points counting multiplicity, then 

Bi = A o B 2 for some Mobius map A. 


1.3. Dynamics of Blaschke products. For finite Blaschke products, it is not hard to see 
that the Julia set is always contained in dD and is either the whole of dD or a Cantor subset 
of 9D. These two cases can be characterized as follows; see 121 p.58] and j3] for a discussion 
of this characterization; 

(i) if B is elliptic, J{B) = dD, 

(ii) if B is hyperbolic, J{B) is a Cantor subset of D, 

(iii) if B is parabolic and zq E dD is the Denjoy-Wolff point of B, J{B) = dD if B"{zq) = 0 
and J{B) is a Cantor subset of dD if B''{zq) 7 ^ 0. 

The class of Blaschke products of interest in this paper is the class of unicritical Blaschke 
products, namely those with one critical point in D. For d > 2, we define the set 

Bd=\ B^{z) := ( ^ ^ ^ : w G D, arg(M;) G 
I \1 — wz J 

of normalized unicritical Blaschke products of degree d, which is parameterized by the sector 

Sd = £ D : a.Tg{w) G 

We denote by Sd those parameters in Sd which give elliptic unicritical Blaschke products and 
by Cd those parameters in Sd which give rise to unicritical Blaschke products with connected 

3 














Julia set. We further denote by C D the set 

d-2 

£d=\^ Rj{£d), 

j=0 

where Rj is the rotation through angle 27rj/{d — 1), and denote by Cd the corresponding set 
for Cd- When d = 2, Sd and £d agree. 

The motivation for studying unicritical Blaschke products originally arose in classifying 
the dynamics of quasiregular mappings of constant complex dilation near fixed points [5]. 
In |1], it was shown that every unicritical Blaschke product of degree d is conjugate to a 
unique element of Bd and that the connectedness locus Cd consists of £d and one point on 
the relative boundary in Sd where |tn| = Further, the set C D is a star-like domain 
about 0 which contains the disk {w G D : |w| < and the set Cd consists of £d and d—1 
points on its relative boundary in D. 

In this paper, we will exactly specify the curve bounding £d. 


2. Epicycloidal curves in parameter space 


Fix d > 2. Recall the epicycloid curve given by (1.1). We will take the larger circle to 
have radius and the smaller circle to have radius The corresponding epicycloid will 
then be contained in the closed unit disk and have parametric equations 


x{9) = 


cos{d6) — dcosO 
d+1 ’ 


yid) = 


which can be written more concisely as z{6) = 


d+1 


sm[d6) — dsin 6 
d+1 ’ 

. We will denote it by ■jd- 


We hrst give a proof of Proposition 1.1 on epicycloids in Multibrot sets. 


Proof. Fix d> 2 and consider the family of mappings gdz) = z'^ + c for c G C. The central 
hyperbolic component of the Multibrot set consists of those c for which has an attracting 
hxed point. By continuity, this means that the boundary consists of those c for which gc has 
a neutral hxed point. 

Let gdzo) = zq and |5'c(^o)| = 1- Then 

dlzol'^-^ = 1 , 

and so Zq = r^e*“, where ^nd where a is determined up to a (d — l)’th root of 

unity. Since gdzo) = Zq, we obtain 


c = zo - Zq = rde''°‘ - 

Now and so 

c = ^ (de'“ - . 

d ^ ^ 

This is the equation of an epicycloid, where we starting with the smaller circle touching 
on the right. The ambiguity in determining a just corresponds to rotating the epicycloid 
through a multiple of 2tt /{d — 1). □ 


We next turn to unicritical Blaschke products. 

Theorem 2.1. The relative boundary of £d in D is the epieycloid given by jd- 
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Since the relative boundary in D is given by parabolic Blaschke products, it follows that 
this theorem is equivalent to showing that if i? is a degree d unicritical Blaschke product in 
Bd with parameter w, then w G 7 ^. Note that we cannot have |tc| = 1, and so these points 
of are excluded. 


Proof. Suppose that d > 2 and B & Bd is parabolic with parameter w = se*^. This means 
that the Denjoy-Wolff point zq of B is on 9D and satishes B\zq) = 1 and B[zq) = Zq- We 
therefore have 


( 2 . 1 ) 

and 

( 2 , 2 ) 


d{l - 

w 


1 — WZq 

2 


20-w 
1 — WZo 


d 

= Zq. 


The aim is to eliminate Zq from these equations and have an expression for w. To that end, 
we note that since Zq'^ = 1 , it follows from ( 2 . 1 ) that 

'^ = {\zo\-\^o-w\f = \^o 


(i(l — s^) = |1 — wzo\ 


w\'^ 


= \zo 


w\ 


and so 

\zo -w\ = 

Taking polar coordinates of zq with respect to w, see Figure]^ we have 
(2.3) Zq — w = 

where r = d{l — s^). 



Figure 2. Polar coordinate of Zq with respect to w. 
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Since zq is on the unit circle, we get that 

1 = ZqZ^ = (w + re^'^)(w + + wre~^'^ + uJre*'^ + r^, 

from which we obtain 

(1 — d)r'^ 


wre 


+ uJre*'^ = 1 - 


r = 


d 


where we have used = d{l — s^). If r = 0 then s = 1, which is impossible since tc G D. 
Hence 

(2.4) r = 


1 — d 


On the other hand, using 2 : 02^0 = 1 again, we can see from (|2.2|) that 

d 

/ Zo-W \ 

Zo = 


WZo 


Zo-W 


Zo(zo - w) 


d / \ d 

Zq-w 


Zq-w 


and so we conclude 


Zq-w 

^-w 


= Z, 


d+l 


It follows from (2.3) and by taking (d + l)’th roots that 

r^exp 


(Ifr) 


for some {d + l)’th root of unity 77 . To evaluate rj, by continuity of 0 in w it is enough to 
evaluate this expression at one point. It is not hard to check that if tc = (1 — d)/(l + d), then 
Bw{l) = 1 and = 1 and so zq = 1 is the corresponding Denjoy-Wolff point. Hence 

0 = 0 for this w and so we may take 77 = 1 . 


Substituting (2.4) into this equation, we obtain 

f 2id(j) \ 


exp 


b 


w de^'^^w 

+ 


and so 
(2.5) 


d+iy 1 — d' 1 — d’ 

77 ; = (1 - - de^^'^w. 


Conjugating (2.5) yields 


w 


= (1 - (7)e-2*'^'^/('^+b - de-*2'^7n. 


and substituting this back into (2.5) gives 

w = {l- - de^*^ ((1 - rf)e- 2 *'^'>/C+i) _ de-^'^^w) 

Solving for w, we find that 


^2id(f>/(d+l) ^^2i4>/{d+l) 


W = 


Letting 9 = we obtain 


d+l 


w = 


d+l 
— de*® 


d+l 


This is nothing other than the parametric equation for the epicycloid 7 ^, which completes 
the proof. □ 
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To explain the geometric significance of 6 and locate the Denjoy-Wolff point for any given 
point on 7 ^, we prove the following. 

Corollary 2.2. Let w = /(d + 1) G 7 ^ fl D and let zq be the Denjoy- Wolff point 

of B^. Then zq = 


Proof. We obtain from (2.3) and (2.4) that, noting 0 = (d + l)6*/2, 


w 


Zo = 


1 — d 


+ 


de^'^‘^w 


d 


1 — d 


Ad9 


de 


w 


d + 1 




~,—id9 


de 


-iO 


d + 1 


= e 


Ad9 


□ 


This means that d = 0 corresponds to tc = (1 — d)/(l + d) and Zg = 1. As d moves 
from 0 to 27r/(d — 1), that is, from the cusp at (1 — d)/(l + d) to the next cusp wi taken 
anticlockwise, the Denjoy-Wolff point zq moves through an angle of 27rd/(d — 1). This means 
zq completes one full revolution of the circle and in addition moves opposite the cusp wi. 

In conclusion, as w completes one revolution, the Denjoy-Wolff point zg completes d rev¬ 
olutions, and we can consider d geometrically as arg(zo)/d, see Figure 
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Figure 3. How w and Zg vary as d varies between 0 and 27r/(d — 1). 


3. The case d = 2 


In this section, we discuss the whole family of degree two Blaschke products. Since a 
degree two Blaschke product has one critical point in D, it follows that it is unicritical and 
hence conjugate by a Mobius mapping to a Blaschke product in H 2 . Now, every degree two 
Blaschke product is of the form 


(3.1) 


B(z) = e' 


w 


- wz 
7 


u 


uz 















for some t E [0,27r) and m, ta G D. If i? is the rotation R{z) = then 

_ _ _ _ _ 

RBR-Rz) = .. 


ze — ta 


1 — wze ** 


ze — M 


1 — uze ** 


z — we 
1 — we'^^z 


z — ue 


1 — ue^^z 


Therefore, conjngating by a rotation means we can get rid of the e** term in (3.1). From 
now on, we assnme that 


(3,2) 

for some u,w E 3. 


B{z) = 


z — w 


1 — wz ) \1 — uz 


z — u 


3.1. Location of the critical point. It is well-known that the critical points of a Blaschke 
prodnct lie inside the hyperbolic convex hnll of the zeros of the Blaschke prodnct, see |7j. For 
degree two Blaschke prodncts, we can even say a little more. This is presnmably well-known, 
bnt, for the convenience of the reader, we inclnde it in the proof of the following theorem. 


Theorem 3.1. Let B be a Blaschke product of the form (3.2). Then the unique critical 
point c of B in this unit disk lies at the midpoint of the hyperbolic geodesic between u and w. 
Further, there are sets Di, D 2 such that DiU D 2 = D, Hi fl ZI 2 = {c} and B is a one-to-one 
map from Dj (j = 1,2) onto D. 


Proof. Let B be as in (3.2) with zeros at u,w and critical point at c on the hyperbolic 
geodesic joining u to w. Let 

p{z) = 


cz 


be a Mobins transformation sending c to 0. Define B = poBop Then B is another degree 
two Blaschke prodnct with critical point at 0. By |5l Corollary 2], there exists a Mobins map 
A snch that B{z) = A{z‘^). Hence A~^ opo B{z) = [p{z)]‘^. 

Now since u,w are both zeros of B, we have A~^{p{B{u))) = A~^{p{B{w))), bnt this 
means [p(m)]^ = [p(tc)]^. Since p{u) 7 ^ p{w), we have p{u) = —p{w). In other words p(c) = 0 
is the hyperbolic midpoint between p{u) and p{w) and applying p~^ gives the first resnlt. 

To prove the second part, we choose a Mobins map q with g(c) = 0, q{u) = —q{w) and 
q{u) E M"*". Thns, q o B only has one critical point at 0 in D. Again, by [HI Corollary 2], 
there exists a Mobins map S snch that S o B o q~^[z) = z"^. Set 


El = {z E B : Imz > 0 or 0 < 2 ; < 1} and E 2 = {z eB : Imz < 0 or — 1 < 2 ; < 0}. 
Obvionsly, EiU E 2 = D, EiH E 2 = {0}, and z^ is a one-to-one map from Ej (j = 1 , 2) onto 

D, and conseqnently, so is B from Dj '^= q~^(Ej) onto D. It follows that the nnit disk is 
divided by the hyperbolic geodesic passing throngh points c,u,w. □ 


The hyperbolic midpoint of u and w plays an important role in what follows. It can be 
explicitly compnted in terms of u and w. 

Proposition 3.2. If w = —u, then c = 0. Otherwise, the hyperbolic midpoint of u and w is 


\wu 

^-1 + ^( 1 - 

w 

2 )( 1 - 

u 


1 — wu\‘^ 


wu{w -\- u) — {w -\- u) 


c = 

















Proof. By computing B'{c) = 0, we find that c must satisfy the quadratic equation 
(3,3) 


{wu{w + u) — {w + u))c^ + 2(1 — \wuf)c + wu{w + u) — {w + u) = 0. 


If tc = —u, we have wu{w + u) — (tc + u) = 0 and so c = 0. On the other hand, ii w ^ —u, 
then there are two possible solutions of the quadratic: 


Cl = 


|wup — 1 + ^(1 — \wu\‘^)‘^ — \wu{w + u) — {w + u) 


wu{w + u) — {w + u) 


and 


\wu\ 


C2 = 

One may check that 




\wu 


2\2 


\wu{w + «) — («; + m)|" 


wu{w + u) — {w + u) 


{1 — \wu\ ) — \wu{w + u) — {w + u)\ = (1 — |w| )(1 — |m| )|1 — tCM 


77t|2 


and so we hnd that for u,w E 


(1 — \wu\ ) — \wu{w + u) — {w + u)\ > 0. 


Clearly, |c 2 | > |ci| since Ci and C 2 have the same denominator. Further, (3.3) gives 


C1C2 = 


wu{w + u) — {w + u) 


= 1 , 


wu{w + u) — {w + u) 

and so we obtain |ci| < 1. Hence B{z) has only one critical point in D, and it is given by 


c = Cl. 


□ 


3.2. Parameter for degree 2 Blaschke products. We next dehne a function which en¬ 
codes the dynamics of B in terms of the parameters. 


Definition 3.3. Let i? be a Blaschke product of the form (3.2) with zeros at u and w and 
critical point at c. Then we dehne 

B{c) -. 


A = X{B) = exp i [tt + 2 arg(l — cw) + 2 arg(l — cu) + 2 arg(l — cB{c) 


1 — cB{c) 


When d = 2, no two distinct Blaschke products of the form (^ conjugate by 
Mobius transformations. In other words, B 2 is parameterized by the unit disk D. Recall that 
S 2 is the set of parameters giving rise to elliptic Blaschke products in 82 - 


Theorem 3.4. Let B be of the form (3.2). Then B is elliptic, parabolic or hyperbolic 
respectively if and only if X G S 2 , the relative boundary of £2 iri D or in D \ £2 respectively. 

We remark that if we view u as hxed and let w ^ u, then c ^ u, 1 — cw—>-1 — |wp G M, 
B{c) —)■ 0 and so A —>■ e*^(—c) = u. Hence if the zeros of B coincide, we just obtain again 
results from |3]. 


Proof of Theorem 3.4' Consider again the set-up in the proof of Theorem 3.1 The Blaschke 
product B is conjugate via p to B and we may write B{z) = A{z‘^). If we write 

z — p. 


A{z) = P 


pz 
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with a, /i to be determined, then 

A~^ o B o A{z) = [A{z)Y = 
Finally, if R{z) = we have 

Ro Bio R~^{z) = 


1 — fiZ 


=: -Bi(j). 


2 ; — /ie 


2i(T \ 2 


1 — 

and this is a Blaschke product in 82 - Since conjugating by Mobius maps does not change 
the classification of Blaschke products, B is classified by the location of in D. This will 
be our A, and so we just have to express this in terms of u,w and c. 

First, ^(0) = —/ie®”", but also since A{z‘^) = p{B{p~^{z))), which is from the proof of 
Theorem |3.1| we have 

-pR-=p{Bic)). 

p{wY — p 


(3.4) 

We also have 

(3.5) 


A{p{wY) = R' 


1 — Jlp{wY 

Therefore combining (3.4) and ( 3.5[ ) yields 

1 / p{wY — p\ c 


= p{B{w)) = —c. 


p \i — pp{wyJ p(i?(c))’ 


and rearranging gives 

Since 

and so 


= 


{p- i/^r^H^). 


piB{c)) 

\p\ = \Am = \p{B{p-\om = \p{B{c))i 


p{wf - p = 


p{B{c)) 


{p- \p{B{c))\'^p{wf) . 


Solving for p, we obtain 


p = p{wfp{B{c)) 


1 + cp{B{c)) 
c + p{B{c)) 


Using (3.4) again gives e®'®' = p{B(c))/{—p), therefore, the parameter A is given by 

p{B{c)f 


A = pe^^^ = 


p 


= p{w) p{B{c)) 
10 


c + p{B{c)) 


1 + cp{B{c)) 




















This can be simplified as follows. First of all, we have 

B{c)—c 


c + p{B{c)) 


c + 


l—cB{c) 


1 + cp{B{c)) 1 + c 


Bic)-c \ 

l—cB{c) J 


(1 - cS(c))S(c)(l. 


C 

P) 

(l-cB(c))(l- 

C 



= B{c) exp[2zarg(l — cB{c))]. 


c — u 


w — c 


u — c 


Next, since p{w) = —p{u) we have 

B{c)p{w)-^ = -(^^ _ _ 

\1 — WC J \1 — UC J \1 — CW J — CM 

= — exp[2i arg(l — cw)] exp[2i arg(l — cm)] 

= exp[i(7r + 2 arg(l — cw) + 2 arg(l — cm))]. 

Snbsitnting this into the expression for A yields 


-1 


A = exp i [tt + 2 arg(l — cw) + 2 arg(l — cm) + 2 arg(l — cB{c) 
as reqnired. 


B{c) - c 
1 — cB{c) 


□ 

Hence 


The significance of A is that B of the form (3.2) is conjngate to Bx{z) = 

if two Blaschke prodncts Bi,B 2 have the same parameter A, then they are conjngate via a 
Mobins transformation. 


3.3. The real case. If we farther restrict to the case where m, w are real, we may say more. 
Lemma 3.5. Ifu,w are real, then A is real. 

Proof. Since u,w are real, the hyperbolic midpoint c is real. Farther, B{c) mast be real. All 
the terms of the form arg(l — cm) in Definition 3.3 are 0, and so we conclnde that 

, c-B(c) ^ 

^ - 1 - cB{c) ^ *■ 


□ 


Theorem 3.6. For A G (—1,1), the conjugacy class of Bx in 

z-w\fz-u\ . 

-- -- : m,m; e -1,1 

1 — wz J — uz J 

is parameterized by the curve w = fx{u) in (—1,1)^, where 

(1 +A)m-2A 


/a(m) = 


2m - (1 + A) ■ 


For A G (—1,1), the curves fx are distinct, decreasing and each intersects the line u = w in 
only one point, at u = w = X. 
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The significance of this theorem is that in the parameter space of {u,w) G (—1,1)^, each 
conjugacy class is given by a curve that can be collapsed onto the line u = w, which gives 
the real axis in the cardioid picture of parameter space for degree 2 Blaschke products. See 
Figure 



Figure 4. 


How (—1,1)^ relates to the parameter space for degree 2 Blaschke products. 


Proof. First, if w = —n, then c = 0 and A = —i?(0) = u^. Therefore, w = f\{u) = —u. 


Now we assume that w ^ —u, i.e., c 7 ^ 0. By Lemma 3.5, given u,w, we have A = 


Recalling from the proof of Theorem 3.1 the Mobius map p which sends c to 0, we have 


B{c) = 


c — w 
1 — wc 


c — u 


Therefore 

(3,6) 


A = 


1 — UC^ 

C + p{wY 


= p{w)p{u) = —p{wy 


1 + Cp{wY 


Recall from Proposition 3.2 that 


c = 


\wu\ 

P-1 +v/(i- 

\w\ 

P)(l- 

\u\ 

P) 1 — wuy 


wu{w + u) — {w + u) 
Now when u, tc G M, this simplifies to 

1+UW- ^(1 - w 2)(1 _y2) I ^ 

(3.7) c=- 


uw 


\/A 


w + u w + u 

where A = (1 — — v?) = l — — + Next, since p is a Mobius transformation, 

it leaves the cross-ratio invariant. Applying this observation to 

(w, M, l/w, l/u) = {p{w), -p{w), l/p(w), -l/p{w)), 

we see that 

A 


1 — p{wY 
{1 — uwY \i + p{wy 


p{wY 


(1 — wu) — a/A 

(1 — wu) -I- 
12 


Solving for p{w)‘^, we obtain 
(3.8) 
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It follows from ( 3.6| ), ( 3.7| ) and (3.8) that 

^ _ {w + m)[(1 — wu) — a/A] + [1 — {wu — a/A)^] de/ h 
{w + m)[(1 — wu) + a/A] + [(1 — a/A)^ — h 

Now we simplify Ji and l 2 - Indeed, 

h + h = 2(ta + m)(1 — wu) + 2 — 2w'^u^ + 2{wu — 1)a/A 
= 2(1 — wu) + n + 1 + wu — a/A^ , 


and 


I 2 = w + u — w‘^u — wu^ + (ta + u)VA + 1 — 2a/A + A — w‘^u‘^ 

= ta(l — u^) + m(1 — w'^) + (1 — w‘^) + (1 — u^) — {2 — w — ■u)a/A 
= (1 — u^){w + 1) + (1 — w‘^){u + 1) — (2 — w — u)y/~K 
= (1 + m )(1 + ta)(l — ta + 1 — n) — (2 — ta — u)\fK 
= (2 — w — u) ^(1 + m )(1 + ta) — a/a^ . 


Thus, 


h^h + h 

h h 


1 = 


2(1 — wu) 
2 — w — u 

Rearranging in terms of w we obtain 

(1 +A)n-2A 


1 = 


w + u — 2wu 
2 — w — u 


w = 


=■ h{u). 


2u-{l + A) 

It is elementary to check that the stated properties of fx hold. 
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